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ARCS IN Z22p
ZOFIA STE¸PIEN´ AND LUCJAN SZYMASZKIEWICZ
Abstract. An arc in Z2
n
is defined to be a set of points no three of which are
collinear. We describe some properties of arcs and determine the maximum
size of arcs for some small n.
1. Introduction
The no-three-in-line problem is an old question (see [2]) which asks for the max-
imum number of points that can be placed in the n× n grid with no three points
collinear. This question has been widely studied (see [3], [4], [5], [7] and [9]), but is
still not resolved.
In this paper we consider the no-three-in-line problem over the Z2n. This modified
problem is still interesting and was investigated in [12], [14] and [17]. Many authors
considered arcs in the context of projective geometry, see e.g. [1], [16] and [8] for
further reference, and in a context of Hjelmslev geometry, see e.g. [10], [11], [15]
and [13] for definition of abstract Hjelmslev plane.
Four integers a, b, u, v with gcd(u, v) = 1 correspond to the line {(a+ uk, b+ vk) : k ∈ Z}
on Z2. We define lines in Z2n to be images, by natural projection, of lines in the
Z
2 (see [17]). We say that points a1, . . . , ak are in line on Z
2
n (or collinear) if there
exists a line l in Z2n such that a1, . . . , an ∈ l. We would like to remark that one
could also define a line as a coset of a (maximal) cyclic subgroup of Z2n (see [12],
[14]).
If n = p is a prime the resulting space is just AG(2, p) where every two distinct
lines intersect in either 0 or 1 point. In contrast, for arbitrary n it may happen
that two distinct lines meet each other in more than a single point.
We call X ⊂ Z2n an arc if it does not contain any three collinear points, and we
call X complete if it is maximal with respect to the set-theoretical inclusion. We
denote by τ(Z2n) the maximum possible size of an arc in Z
2
n.
Kurz [14] uses the integer linear programming to determine numbers τ(Z2n). He
identifies values of τ(Z2n) for n ≤ 21 and, after transformations, the value of τ(Z
2
25)
(see also [15] for this case). We were interested in finding the lacking values of
τ(Z222) and τ(Z
2
24). Our first try was using the mathematical programming solver
Gurobi [6]. We succeed with computing τ(Z224) but were not able to determine
τ(Z222) in this way. Therefore, we investigated some properties of arcs in Z
2
2p for p
prime, which allowed us to compute τ(Z222).
We will use the following notation. Denote by pin the natural projection from
Z to Zn. If the context is clear, we omit the index n. For u = (ux, uy) we write
pi(u) for (pi(ux), pi(uy)). If p|n then by φp, we denote the projection φp : Zn → Zp
defined by φp ◦ pin = pip. Similarly, we write φp(u) for (φp(ux), φp(uy)).
By automorphism of Z2n we mean mapping from Z
2
n to Z
2
n which preserves arcs.
The group formed by these elements is denoted by Gn. Let GL2(Z2p) denote the
group of invertible 2 × 2 matrices with coefficients in Z2p. We denote by fA the
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automorphism of Z22p corresponding to the matrix A. Another class of automor-
phisms are translations. In this paper tv denotes the translation by a vector v.
More explicitly, t(vx,vy)(ux, uy) = (ux + vx, uy + vy).
By D(u, v, w) we denote ∣∣∣∣∣∣
1 1 1
ux vx wx
uy vy wy
∣∣∣∣∣∣
where u = (ux, uy), v = (vx, vy) and w = (wx, wy).
2. Basic facts
For a prime p the exact value of τ
(
Z
2
p
)
is well-known. See, for instance, [17].
Lemma 2.1. Let p be an odd prime, then τ
(
Z
2
p
)
= p+ 1.
The following bound was proven in [14].
Lemma 2.2. τ
(
Z
2
mn
)
≤ min
{
m · τ
(
Z
2
n
)
, n · τ
(
Z
2
m
)}
for coprime integers m,n >
1.
Recall the well-known test to check whether three points are collinear or not.
Lemma 2.3. Points a, b, c ∈ Z2p for p prime are in a line if and only if D(a, b, c) =
0.
The following lemma is adapted from Huizenga [12].
Lemma 2.4. Let N = m · n with coprime m and n. Then any three points in Z2N
are collinear if and only if both projections onto Z2m and Z
2
n give a collinear point
set.
Theorem 2.5. Let p1, p2 be primes such that p1 6= p2. Then points a, b, c ∈ Z2p1·p2
are in a line if and only if D(a, b, c) = 0.
Proof. Assume thatD(a, b, c) = 0 ∈ Zp1·p2 . Consequently,D(φpi(a), φpi(b), φpi (c)) =
0 ∈ Zpi and by Lemma 2.3 φpi(a), φpi (b), φpi(c) are in a line on Z
2
pi
for i = 1, 2. By
Lemma 2.4 a, b, c are in a line on Z2p1·p2 .
Conversely, assume that a, b, c ∈ Z2p1·p2 are in a line. There exists A,B,C ∈ Z
2
in a line such that pi(A) = a, pi(B) = b and pi(C) = c. Hence, D(A,B,C) = 0 ∈ Z
and consequently D(a, b, c) = 0 ∈ Zp1·p2 .

Remark 2.6. Generally, zeroing of determinant is necessary but not sufficient
for three points to be collinear. Let p2|m for some prime p. Then for the points
(0, 0), (p, 0), (0, p) we have ∣∣∣∣∣∣
1 1 1
0 p 0
0 0 p
∣∣∣∣∣∣ = 0
but these point are not collinear.
3. Arcs in Z22p
Theorem 3.1. We have τ
(
Z
2
2p
)
≤ 2p+ 2 and τ
(
Z
2
2p
)
= 2p+ 2 for p = 3, 5.
Proof. It is an immediate consequence of Lemma 2.2, Lemma 2.1, Figure 2 and
Figure 3. 
Remark 3.2. We conjecture that p = 3 and 5 are the only values for which the
equality holds.
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Define the maps α2 : Zp → Z2p, and αp : Z2 → Z2p by
α2(i + pZ, j + pZ) = (2i+ 2pZ, 2j + 2pZ),
αp(i+ 2Z, j + 2Z) = (pi+ 2pZ, pj + 2pZ).
Theorem 3.3. Let X be a complete arc of Z2p. Then α2(X) is the complete arc of
Z
2
2p.
Proof. Let X be a complete arc of Z2p. Then α2(X) is obviously the arc of Z
2
2p. Let
c ∈ Z22p. We will show that there are a, b ∈ α2(X) such that a, b, c are collinear.
Assume first that c ∈ φ−12 (0, 0). Then there is c
′ ∈ Z2p such that α2(c
′) = c.
Since X is a complete arc then there exist a′, b′ ∈ X such that a′, b′, c′ are collinear.
By Theorem 2.3, D(a′, b′, c′) = 0 ∈ Zp. Then D(α2(a′), α2(b′), c) = 0 ∈ Z2p. By
Theorem 2.5, a = α2(a
′), b = α2(b
′), c are collinear.
Now assume that c /∈ φ−12 (0, 0). Then there is v ∈ {[0, p] , [p, 0] , [p, p]} such that
tv(c) ∈ φ
−1
2 (0, 0). Hence the first part of the proof shows that there are a, b ∈ α2(X)
such that a, b, tv(c) are collinear (i.e. D(a, b, tv(c)) = 0). Because α2(X) ⊂
φ−12 (0, 0), a straightforward calculation shows that D(a, b, c) = D(a, b, tv(c)) for
a, b ∈ α2(X). Hence D(a, b, c) = 0 and a, b, c are collinear, by Theorem 2.5. This
completes the proof.

Lemma 3.4. Let X be a complete arc of Z22. Then αp(X) is the complete arc of
Z
2
2p.
Proof. Let X be a complete arc in Z22. Then X = Z
2
2 and αp(X) is obviously the
arc of Z22p. It is easy to check that for every c ∈ Z
2
2p there is b ∈ αp(X) \ (0, 0) such
that D((0, 0), b, c) = 0. By Theorem 2.5, (0, 0), b, c are collinear. 
The proof of the Theorem 3.9 takes up the rest of this section. We prepare for
the proof by collecting together some useful technical results.
Lemma 3.5. Let σ be an arbitrary permutation of the set Z22. Then there is f ∈ G2p
such that φ2 ◦ f = σ ◦ φ2.
Proof. Let fA, fB be linear transformations determined by matrices A =
(
1 0
1 1
)
,
B =
(
0 1
1 0
)
, respectively. Note that the group of permutations of the set Z22 is
generated by transpositions σ1 = ((0,0),(0,1)) , σ2 = ((0,1),(1,0)) , σ3 = ((1,0),(1,1)) .
One can verify by a straightforward calculation that φ2 ◦ fA ◦ t[1,1] = σ1 ◦ φ2,
φ2 ◦ fB = σ2 ◦ φ2 and φ2 ◦ fA = σ3 ◦ φ2. 
Lemma 3.6. Let X ⊂ Z22p be an arc. If |φ2 (X)| ≤ 2, then |X | ≤ p+ 1.
Proof. The condition |φ2 (X)| ≤ 2 means that φ2 (X) is collinear in Z22. Since X
is an arc then, by Lemma 2.4, φp (X) ⊂ Z2p is an arc and |φp (X) | = |X |. By
Lemma 2.1, |X | ≤ p+ 1. 
Lemma 3.7. Let X ⊂ Z22p be an arc and a ∈ X. If tv(a) ∈ X for some v ∈
{[0, p] , [p, 0] , [p, p]} , then |X | ≤ p+ 3.
Proof. Consider first the case that v = [0, p]. Let l0 = pi(L0) and l1 = pi(L1) denote
the lines in Z22, where L0 and L1 are given by the equations x = 0, x = 1, re-
spectively. Assume without loss of generality that a ∈ φ−12 (l0) . A straightforward
calculation shows that D(a, t[0,p](a), b) = 0 for all b ∈ φ
−1
2 (l0) . Hence, by Theo-
rem 2.5, X ⊆
(
φ−12 (l1) ∪
{
a, t[0,p](a)
})
. The same argument as in Lemma 3.6 shows
that
∣∣X ∩ φ−12 (l1)∣∣ ≤ p+ 1. The remaining two cases are dealt with similarly. 
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Lemma 3.8. Let (ax, ay) ∈ Z22p and ay is invertible in Z2p. If ayb
1
x − b
1
yax =
ayb
2
x − b
1
yax = ayb
3
x − b
1
yax = A then b
1, b2, b3 are on line.
Proof. We have
D
(
b1, b2, b3
)
= a−1y D
( (
A, b1y
)
,
(
A, b2y
)
,
(
A, b3y
))
= 0.
The result now follows from Theorem 2.5. 
Theorem 3.9. Let p ≥ 5 and X ⊂ Z22p be an arc. If |X | > p + 3, then there is
f ∈ G2p such that (0, 0), (1, 0), (0, 1) ∈ f(X).
Proof. By Lemma 3.6 and Lemma 3.5 we may assume that φ−12 (0, 0) ∩ X 6= ∅,
φ−12 (0, 1) ∩ X 6= ∅ and φ
−1
2 (1, 0) ∩ X 6= ∅. Since |X | > 8 we may assume that
|φ−12 (1, 0) ∩ X | ≥ 3, by Lemma 3.5. We may also assume that (0, 0) ∈ X . For if
not, then we may translate X by a vector [−u,−v] for some (u, v) ∈ φ−12 (0, 0)∩X .
Let (ax, ay) ∈ φ
−1
2 (0, 1) ∩ X. Then possibilities for ay are: (i) ay = p, (ii) ay is
invertible in Z2p.
In the case (i), the assumption that |X | > p+ 3 and by Lemma 3.7 imply that
ax 6= 0. Hence axby − bxay 6= p for all (bx, by) ∈ φ
−1
2 (1, 0) ∩X.
In the case (ii), the assumption that |φ−12 (1, 0) ∩X | ≥ 3 and Lemma 3.8 imply
that there is (bx, by) ∈ φ
−1
2 (1, 0) ∩X such that axby − bxay 6= p.
In both cases, there is (bx, by) ∈ φ
−1
2 (1, 0)∩X such that axby− bxay is invertible
in Z2p. Then the map fA with matrix A =
1
ax·by−bx·ay
(
by −bx
−ay ax
)
maps
(ax, ay) −→ (1, 0),
(bx, by) −→ (0, 1),
(0, 0) −→ (0, 0).

4. Numerical results
Computing τ(Z224) was quite easy. We used the mathematical programming
solver Gurobi [6]. After expanding 12946227 nodes (602109089 simplex iterations)
the solver found the solution depicted in Figure 6. On the other hand, using the
solver to compute τ(Z222) was not successful.
Consequently, we used a more direct approach. For finding the value of τ(Z22p)
we implemented backtracking search algorithm depicted in Figure 1. Figure 3,
Figure 4 and Figure 5 show results of our search. Note that it is easy to find these
complete arcs. The difficult part is showing that there are no bigger ones.
To limit searching space we made some optimizations. Thanks to Theorem 3.9 we
start with the set (0, 0), (1, 0), (0, 1) (lines 29–31). Since the initial set is symmetric,
after checking the fourth point (x, y) (line 34) we can exclude (y, x) from further
search (line 35 and 36). After choosing a point (x, y) (line 3 and 4) we can also
exclude points t[p,0](a), t[0,p](a) and t[p,p](a) from further search (lines 8–11 and
Lemma 3.7). The program presented here is simplified, the real computations were
performed in parallel.
For reference we present in Table 1 all known values of τ(Z2m) for nonprime m
(bold numbers are computed by us). Recall that τ(Z22) = 4 and τ(Z
2
p) = p + 1
for primes p > 2. We also attach a table with some lower and upper bounds for
non-prime 26 ≤ n ≤ 40 found by computer search or application of Lemma 2.2.
Acknowledgment. The authors are grateful to the reviewer whose valuable sug-
gestions resulted in a better organized and improved paper.
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m 4 6 8 9 10 12 14 15 16 18 20 21 22 24 25
τ(m) 6 8 8 9 12 12 12 15 14 17 18 18 18 20 20
Table 1. Values for τ(Zm).
m 26 27 28 30 32 33 34 35 36 38 39 40
τ(m) 20-28 20-28 22-32 23-36 23-35 23-36 22-36 26-40 25-36 23-40 24-42 26-40
Table 2. Bounds for τ(Zm).
1 // GLOBALS: N − s i z e o f t he torus , b e s t s o l u t i o n
2 void s e l e c t p o i n t ( int x , int y , Torus& torus , So lut i on& s o l u t i o n ) {
3 torus . s e t IN (x , y ) ;
4 s o l u t i o n . add point (x , y ) ;
5 i f ( s o l u t i o n . s i z e ( ) > b e s t s o l u t i o n . s i z e ( ) ) {
6 b e s t s o l u t i o n = s o l u t i o n ;
7 }
8 int x2 = (x+N/2)%N, y2 = (y+N/2)%N;
9 torus . set OUT(x , y2 ) ;
10 torus . set OUT(x2 , y ) ;
11 torus . set OUT(x2 , y2 ) ;
12 for ( int i =0; i<s o l u t i o n . s i z e ()−1; ++i ) {
13 torus . mark a l l l i n e s th r ough two po i n t s (x , y ,
14 s o l u t i o n . get ( i ) . getx ( ) , s o l u t i o n . get ( i ) . gety ( ) ) ;
15 }
16 }
17 void attempt ( int x , int y , Torus torus , So lut i on s o l u t i o n ) {
18 s e l e c t p o i n t (x , y , torus , s o l u t i o n ) ;
19 i f ( s o l u t i o n . s i z e ()+ torus . number of FREE()<=be s t s o l u t i o n . s i z e ( ) ) {
20 return ; // back t rack
21 }
22 while ( torus . f ind next FREE (x , y ) ) {
23 attempt (x , y , torus , s o l u t i o n ) ;
24 torus . set OUT(x , y ) ;
25 }
26 }
27 int main ( ) {
28 Torus torus ; So lut i on s o l u t i o n ;
29 s e l e c t p o i n t (0 , 0 , torus , s o l u t i o n ) ;
30 s e l e c t p o i n t (1 , 0 , torus , s o l u t i o n ) ;
31 s e l e c t p o i n t (0 , 1 , torus , s o l u t i o n ) ;
32 int x = 1 , y = 1 ;
33 while ( torus . f ind next FREE (x , y ) ) {
34 attempt (x , y , torus , s o l u t i o n ) ;
35 torus . set OUT(x , y ) ;
36 torus . set OUT(y , x ) ;
37 }
38 }
Figure 1. Backtracking search
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Figure 2. A complete arc set of cardinality 8 over Z26.
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Figure 3. A complete arc set of cardinality 12 over Z210.
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Figure 4. A complete arc set of cardinality 12 over Z214.
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Figure 5. A complete arc of cardinality 18 over Z222.
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Figure 6. A complete arc of cardinality 20 over Z224.
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